These results are a first attempt at answering the question: when can a good algebraic structure be assigned to a non-equidimensional fibering of VΊ Analogously, one might ask whether there is a good sense in which an equidimensional family of subvarieties of V can degenerate into subvarieties of different dimension. It is a standard result that no fibers of a morphism have dimension less than that of the generic fiber, so that we must concern ourselves only with degeneration into higher-dimensional subvarieties. Thus if the equivalence relation R comes from action of an algebraic group G, in which case any exceptional orbits are smaller than the generic ones, there can be no non-equidimensional quotients. In this classical situation, then, existence of a quotient map p: V-+V/G depends on equidimensionality of R. Moreover, such a quotient map is always open, whence topological Since the substantial volume of recent work on the quotient problem mostly focuses on group actions, the typical definition of quotient map includes the requirement of openness, or even universal openness (cf. Mumford's book [2] , p. 4, for example). Now a non-equidimensional morphism is never open (cf. Proposition 1), so we must abandon the topological point of view here.
A number of questions arise that we do not consider in this paper Is there any relationship between exceptional fibers of a quotient and complete (or noncomplete) 0* Preliminaries* We use the following definitions: An algebraic equivalence relation or ER R on a variety V (assumed hereafter to be irreducible, for simplicity) is an algebraic subset of V x V which, as a set, is an equivalence relation. An R-invariant function f on V is one whose values are constant on the intersection of domain (/) with any inequivalence class. The ϋϊ-invariant functions thus constitute a subsheaf of the structure sheaf d? v of V. A quotient for the pair (F, R) is a morphism of varieties p: F ->W which as a map on sets is a quotient, and which satisfies the local condition LC: the sheaf of functions on W is identified via p with the sheaf of i?-invariant functions on F.
These general quotients have many expected properties, for which my paper [1] provides an elementary exposition. In particular we have PROPOSITION 
Let R be an ER on the irreducible variety V with quotient p: V~>W. Then p is an open map if and only if it is equidimensional.
Proof. If p is equidimensional, then p is open by a result of Rosenlicht ([4] , Lemma 2) on algebraic group quotients. His proof goes through in our more general setting word for word.
For the converse, we apply the following general result. PROPOSITION 
An open morphism of irreducible varieties is equidimensional.
We give an elementary proof of this to conclude the proof of Proposition 1. Let /: F->W be the morphism. There is an open dense U of W such that for all ue U, f~ι{v) is equidimensional and dim f^iu) = dim F-dim W. Let we S = W -£7 be a point such that dim f~ι{w) > dimF-dimW. We get a contradiction as follows.
Let C be an irreducible curve in W through w but not contained in S. Then f~ι{C) ςt /^(S). Let X be the union of the components of f~ι{C) not contained in f~' ι {S).
X is the closure of f^(C -S) We see that for our initial problem to have any meaning, we must abandon the obvious topological restriction on quotients, realizing also that the quotients of the new type will probably fail to be topological.
Our notations are essentially standard. Ω stands for a universal domain. ^X iY is the local ring of a subvariety X of the variety Y. Tr. deg. A/Ω denotes the transcendence degree of A over Ω.
l An existence theorem* We can restate the local condition LC for quotients as follows: We are considering the set-wise quotient map p:V-*W for the ER R on V. Let Ω be a universal domain and let g e Ω(V) be an i2-invariant function, so that within its domain, g is constant on orbits. Let p(v) = w for v e V.
From LC we know 
(V)/Ω(W). Thus a set-wise quotient satisfying LC 2 is a quotient if and only if Ω(V)/Ω(W)
is a field extension with no pure inseparability. Since our first result is unrelated to any fieldtheoretic problem, we define a quotient within inseparability, QWI, to be a set-wise quotient satisfying LC 2 . 
THEOREM 1. Let V be an irreducible variety, let Wbea nonsingular variety, and let p: V -+ W be a surjective morphism. Let E = {we
W: dim p~\w) > dim V -dim W} If codimension p^{E) > 1,
(%T(hop))c:^(h).
Now JT(c/) Π ^(Λ) has codimension 2 near p<» by the relative primeness of g and h, whence p~\E) 3 ^(hop). This contradicts codimension p~ι{E) > 1.
COROLLARY. 7/ p as above is birational, then either p is an isomorphism or codimension p~L(E) = 1.
Proof. Birational quotients are isomorphisms.
NOTE: The corollary is essentially ZMT for nonsingular varieties, and I have found precisely the same proof of it in this case in Mumford ([3], .
The theorem also shows that with obvious meanings the product of two quotients is the quotient of a product ER when the quotients are of the type indicated in the theorem. I don't know if this standard categorical property is true in all non-equidimensional cases.
EXAMPLE. Using Theorem 1 we can easily construct non-equidimensional quotients. By example (a), Theorem 3 is false for codimension H> 1. We proceed now in two steps to prove Theorem 3 and hence Theorem 2.
Step 1. Here we do not use the level field concept. Let / be any minimal prime in the discrete valuation ring έ? H . Let L denote the residue field ^W//^, and let π: ^H ->L be the residue map. Although we do not introduce the technique of completion for the following lemmas, one can see that from one point of view we are considering the first nonzero coefficients in the /-power series expansions of various functions. with algebraically independent images under π. For simplicity, we can take the Pi to be monomials in f~\ Since the case of no x^s is immediate we also assume inductively that at most r -1 P/s do not involve x r and that the τr-images of these form a transcendence base for π(έ? H Π Ω[x ly ..-, .τ r _ 1? /-1 ). If s ^ r, then we have P r = (/-α6^) (/-c M) for some polynomial M in ^x, , % r _ ι and with neither factor in parentheses divisible by /. We conclude that π(f~a h x h r ) is algebraically independent of MPi), , τr(P r _ 1 )} and algebraically dependent on {π(P^, , ^(P r )}; i.e. we can exchange are algebraically independent, we obtain s g r.
NOTE. A less elementary, but quicker, proof of Lemma 2 results from considering the embedding of (7 H \f^H in the completion of έ? H
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with respect to f^H.
In that case it is easy to check that / is transcendental over the embedded image of
Step 2. We now introduce the level field property of K into the situation. We have by definition π(K Π 0Ή) = Ω. We use this fact and some easy manipulations to contradict the lemmas of Step 1 if tr. deg. K/Ω ^ 2.
We may always choose a transcendence base for K from by subtracting suitable constants if necessary. Let g e K Π f^H minimal order r, so that g - Suppose now that for a e Ω [g, h, x 5 , , x n , / -1 ], 7r(α) g β. Let s be such that grs > highest power of f~ι appearing in a. Then making the substitution (*) for h in a, we see that π(a) e π (Ω[g, x Sf , x n , f" 1 ]). Thus (using Lemma 2 also)
Since we may take a? 3 , , # ft e & H as independent transcendentals independent of Ω{g, h), we conclude from Lemma 1 that k is algebraic over Ω(g).
An immediate corollary of the above reasoning is the COROLLARY.
With notation as in Lemma 1, there is at most one Xi such that
In terms of power series in a minimal prime, this implies that any function in ^H whose f-power series has constant coefficients is algebraic over Ω(f).
We remark that in general for subvarieties of higher codimension one may write down level fields of excessive transcendence degree without reference to quotient maps. For example, consider Ω(x, y, xu + yv) as a level field for the plane x -y = 0 in 4-space.
We also note that it is not clear what can happen if the union of excessive orbits is a normal hyper surf ace, a situation intermediate between Theorems 1 and 2. A much more delicate problem is here not considered at all, namely to give a decent local condition on an excessive orbit which would guarantee existence of a quotient nearby. 3* A counterexample* We give an example of a level field of transcendence degree 2 for a singular curve 2 on a surface V in characteristic 0. This counterexample to a generalization of Theorem 3 suggests that if Theorem 2 is true without normality hypotheses, a more geometric approach will be needed to prove it. 
